All rings considered here are associative. The reader may verify, however, that all results of § § 1-3 hold without the assumption of associativity, with the exception of (3.3) . The unqualified word "ideal" means two-sided ideal. The letter p always denotes a prime number. If 31 is a ring, we denote the additive group of 9t by 3ϊ + . The order of a ring 3ΐ, denoted |9t|, is the order of the group 9ϊ + ; the index of a subring @ in a ring 3ΐ, denoted [9t: @] , is the index of Θ + in 3ϊ + . A ring is called null if all products are 0. A ring 9t is called nilpotent of exponent e if all products of e elements from 9ΐ are 0, but not all products of e -1 elements are 0. The characteristic of a finite ring is the maximum of the additive orders of its elements. The smallest ideal containing ideals @ and % is denoted @ + %.
We shall need the following elementary results:
(1.1) Let 3ΐ be a ring with periodic additive group. The primary decomposition of SR + decomposes 9ΐ into a ring direct sum of p-rings.
Hence, in studying finite rings, it is sufficient to consider only p-rings.
(1.2.) Let $ be a maximal ideal of a nilpotent p-rmg 3ΐ. Then [m: 3] -p, 3ΐ 2 s S, and p9ϊ g & (1. 3) Let © be a proper subring of a finite nilpotent ring 3ϊ. Then there is a maximal ideal of 9ΐ which contains @.
(1.4) If 23Ϊ and 9ϊ are nonzero, nonempty subsets of a nilpotent ring, then 3K is not contained in {μv \ μ e 2K, v e 9ΐ}.
(1.5) A nilpotent ring of order p n contains an ideal of every possible order p\ 0 <* i <£ n.
2* Burnside Basis Theorem* The Frattίni subring Φ m of a ring 9Ϊ is defined to be the intersection of the maximal ideals of 9t, provided such exist. Otherwise, Φ m = 3ΐ. A set of elements of a ring 3ϊ generates a subring Θ if @ is the smallest subring of 3Ϊ containing all the elements. THEOREM If $ is an ideal of a ring 3ΐ, we now define Aut (3Ϊ; $) to be the group of all automorphisms of 3ΐ which leave 3ΐ/$5 fixed elementwise. For 3ΐ a finite nilpotent p-ring we shall obtain a bound on the class of the p-group & -Aut (3ΐ; Φ m ). These results are analogues of those obtained by H. Liebeck [4] (2.
4).
Proof of (2. .1), we see that the number of members of ^ is congruent to 1 (mod p). If t = w, the result is trivial. Suppose t < n. Let ^ = {£ | @ £Ξ £, | £ | = p\ X is a subring of 3ΐ}. By (1.3) and (1.2) each Z e ^ is contained in some Jlf e _^ Let w(ikf) be the number of members of
. Hence, by (3.1) , the number of members of ^ is congruent to 1 (mod p).
It is well known that the number of normal subgroups of a given order in a finite p-group is congruent to 1 (mod p). For rings there are several analogous results. 
The proofs of these results are similar to that of (3.2). REMARK 2. Note that the Anzahl theorems fail to hold for nonnilpotent p-rings. For example, consider the ring 9ΐ = 3^03^2, where Sΐi is generated by an element a of characteristic p with a 2 = a, and 3ΐ 2 is generated by an element β of characteristic p with β 2 -0. Then 3^! and % are the only two subrings (and ideals) of order p, and 2 ξέ 1 (mod p) for any prime p. 4* Nilpotent brings with only one subring of a given order* It is well-known that a finite p-group @ which contains only one subgroup @ of a given order, 1 Φ @ Φ ©, must be cyclic, or else I @ I = 2 and © is generalized quaternion [1; 131-132] . This section obtains a characterization of nilpotent rings and (associative) algebras satisfying the analogous condition. Although the algebra result could be obtained as a corollary to the ring result, we shall give an independent proof to illustrate the general ideas used while avoiding much detail required for the ring proof. The result for algebras is THEOREM 4.1. A nilpotent algebra U over a field % contains only one subalgebra @ of some given finite dimension, 0 Φ © Φ U, if and only if one of the following conditions holds:
(1) dim @ = dim 11 -1 and 11 is a power algebra.
( 2 ) dim@ = 1, dimϊt ^ 3,II 2 = @, U 3 = 0, and φeU,φ 2 = 0 implies REMARK 1. An algebra 11 such that dimU 2 = 1, II 3 = 0, and ^eU, φ 2 = 0 implies φU = Uφ = 0, is called "almost-null." It may be of interest to note that a nil algebra has the property that every subalgebra is an ideal if and only if the algebra is almost-null (see Kruse [3] ). Thus almost-null algebras seem in one way analogous to the quaternion group of order 8, which plays a key role both in the determination of p-groups with a unique subgroup of order p, and in the determination of groups in which all subgroups are normal. REMARK 2. The classification of the finite-dimensional algebras U over a field g satisfying (2) of (4.1) is closely related to the study of quadratic forms over g. Let 11 have a basis {a 19 α 2 , , a n , β) with β e II 2 , and choose a ί5 e%,l<Zi,j^n, so that a^ = a i3 -β. Then condition (2) requires that the quadratic form n n have no nontrivial zero (x ly x 29 --*,x n ). Let us note that when % is a finite field, then every quadratic form in three variables has a nontrivial zero, so if g is finite then dim 11 = 3. On the other hand, over each finite field there exists a quadratic form in two variables with no nontrivial zero, so algebras satisfying (2) always occur when % is finite.
Finally, we note that an arbitrary almost-null algebra must either be null, or isomorphic to the direct sum of a null algebra and either a power algebra of dimension 2 or an algebra satisfying (2) .
Proof of (4.1) . It is easy to check that nilpotent algebras satisfy-ing (1) or (2) Proof of 4.1, continued. Let 11 be a nilpotent algebra with a unique subalgebra 6 of a given dimension, 0 Φ @ Φ VL. If dimU = dim© + 1, then II is a power algebra, and condition (1) of the conclusion holds. If dimU ^ dim© + 2 :> 4 then, by the algebra analogue of (1.5), I! contains a subalgebra S3 with dim S3 = dim© + 2, and an ideal $ with dim $ = dim @ -2. Then the algebra S3/$ fails to satisfy (4.2). Hence we can suppose dim© = 1, dimII ^ 3.
Next we show that II 2 = ©. has no integer solution X. Since, over the field of p elements, there are both quadratic forms in two variables which have no nontrivial zeroes, and irreducible cubic polynomials, rings satisfying (3) and (4) occur nontrivially for all primes p. (4) have unique subrings of the orders indicated. An infinite nilpotent p-ring which contains only one subring @ of a given (finite) order clearly satisfies one of (l)- (4) if and only if each of its finite subrings which properly contains @ also does. Thus for the converse we consider only finite rings. As a notational convenience, let ^(n, s) denote the class of nilpotent rings of order p n which contain only one subring, generically denoted @, of order p\ If ?ϋe^(n, , then the basis theorem (2.1) implies 9ΐ is a power ring. The rings in ^(n, 1) are studied in § 5. To characterize the rings in ^(n, s), 1 < s < n -1, we first determine those in ^(4, 2), ^(5, 2), and ^(5, 3) and then proceed by induction. Several steps of the proof are separated as lemmas.
Proof of 4.4. It is easy to see that nilpotent p-rings satisfying (l)-

Let 3ΐ be a nilpotent p-ring for which 3ΐ
+ has type (n, 1). Then, for 1 < i < n, 9ΐ has exactly p + 1 ideals of order p\ Proof. For 1 < i <L n + l,$&i = {φeΐR\ p^φ = 0} is an ideal of 3ΐ of order p\ For 1 ^ i < n, (£* = {^"""V | 9? e 3ϊ} is an ideal of 9ΐ of order p\ Hence 3ΐ has at least two, so by the Anzahl theorem (3.5) at least p + 1, ideals of order p% 1 < i < n. But these exhaust the subgroups of 3ΐ + of order p\ 4.6 Suppose $ϊ is a power ring, 3ΐ e ^(n, s), 1 <; s < n -1. 9ΐ + is cyclic.
Proof. First suppose s = 1. Let 3ΐ be generated by an element α, and let Φ = p3ΐ + 9ΐ We now proceed by induction on s. Suppose s > 1. Let $ be an ideal of order p of 3ΐ. Applying the induction hypothesis to the power ring 3ΐ/^5 we find that (31/3) + is cyclic. Hence either 9Ϊ + is cyclic or has type (n -1,1). But type (n -1, 1) is excluded by (4.5).
4.7
If 3ΐ e ^(4, 2), ί/m* r<m& 3ϊ + ^ 2.
Proof. 3ΐ + cannot have rank 4 by Lemma 4.2, where g -GF(p), the field of p elements. Suppose 3ΐ + has rank 3, so 9ΐ + has type (2,1,1). Let Z = {φ e 3ΐ | pφ = 0}. Since 12 | = p\ % contains @, the unique subring of order p 2 . It follows by (2.1) that £ is a power algebra over GF (p) Proof. Suppose rank dt + ^ 3. Then, for s = 2 (resp. for s = 3), we can find a subring 11 of order p 4 (resp. an ideal $ of index p 4 ) with rank U + ^ 3 (resp. rank (3ΐ/3) + ^ 3). This is impossible by (4.7), so rank ?H + ^ 2. Suppose rank 3ϊ + = 2. By (4.5) 9ΐ + has type (3, 2) . Let a and /3, with p 3 α = p 2 β = 0, be a basis for 3ΐ + . Since pα and {p 2 tf, p/3} generate distinct subrings of order p\ we have s = 3. Then p3ΐ -@. Moreover, 3ΐ 2 = @, since otherwise 9ΐ is a power ring, which is excluded by (4.6). Let a 2 = Apa + Bpβ, β 2 = Cpα + Dp/9, C •£ 0 (mod p), α/9 = .E/pα + Fp/3. By replacing a by α' = a -EC~ιβ, where C~]C = 1 (mod ί} 2 ), we may assume that £7=0. Then (a 2 )β = BCp 2 a, while α(α:β) = 0. Thus β = 0 (mod p), and a generates a second subring of order p\ Proof of (4.4), continued. If 9t e ^ (4, 2), then by (4.5) and (4.7) either 3ΐ + is cyclic or has type (2, 2) . If 9t + has type (2, 2) and, for some φ e 3Ϊ, pφ Φ 0 and <^2 is a multiple of 9?, then both pϊR and the subring generated by φ have order p 2 . Thus (4) of (4.4) holds. Suppose 3ϊ G ^/(n, s) with w>5, l<s<w -1. Ifs = 2 and rank 9ΐ + ^ 2, we can find a subring of order p 5 and rank ^ 2, which contradicts (4.8). For s > 2 we proceed by induction on n. Let $ be an ideal of 9Ϊ of order p. By induction hypothesis (9ΐ/S) + is cyclic. 9ΐ + cannot have type (n -1,1) by (4.5), hence 3ΐ + is cyclic.
5* Nilpotent ^-rings with one subring of order p. In this section we shall show that a finite nilpotent p-ring 3ΐ which contains a unique subring @ of order p satisfies condition (3) of Theorem 4.4. Let @ be generated by an element σ. Then pσ = 0 and 0UΪ = 3ΐσ = 0. Small Greek letters will denote elements of 3ΐ. For ease of reference we restate the hypothesis that @ is the only subring of order p. Proof. This is equivalent to the well-known fact that a quadratic form in three variables over the field of p elements represents 0 nontrivially. Proof. Since 6£U,U is an algebra over GF(p) with a unique subalgebra of dimension 1. The result follows directly from (4.1) and (5.3).
If pφ
In case p3ϊ = 0 we have 3ΐ = IX, and thus 3ΐ satisfies (3) of (4.4 We now continue the proof. Since /S 2 e @, 0 = α/3 2 -(α/S)/S so by (5.5) α/S G @. Dually /3α e @. By (5.4) U 2 S @. Since 7/3 e @, 0 = α(τ/5) = (<ry)/3 so, by (5.5), αγe©. Dually yae&.
Since Every Jacobson radical ring is a group under the circle composition
and every subring [two-sided ideal] of the ring is a subgroup [normal subgroup] of the circle group. In general, however, not all subgroups under circle are subrings, and normal subgroups, which may or may not be subrings, need not be ideals. In fact, a subgroup under circle is a subring if and only if it is also a subgroup under addition. We shall consider some examples which show that one cannot tell from the structure of the circle group alone which subgroups will or will not correspond to subrings. 6.1 A fully invariant subgroup which is not a subring. Let 3ΐ be the ring generated by an element φ of characteristic 8 with φ 2 = 2φ. The circle group £ of 9ΐ is abelian of order 8 and type (2, 1) . The fully invariant subgroup of £ of elements of orders 1 and 2 in E consists of 0, 3φ, 4<p, and 7φ. These elements do not form a subring of 3ΐ.
Elementary abelian groups.
If 3ΐ is a radical ring whose additive and circle groups are elementary abelian ^-groups, then all the additive and circle subgroups of a given order in 3ΐ are indistinguishable up to automorphisms of the groups. We shall, however, give examples of such rings in which the subring structure varies substantially.
Suppose 3ΐ is a radical ring such that ?ϋ + is an elementary abelian p-group. Then the circle group K of 9ΐ is elementary abelian if and only if 3ΐ is commutative and φ p -0 for all φeR.
To prove this consider (£ as the multiplicative group of elements 1 + φ where φ e di and 1 is an identity adjoined to 3Ϊ. Observe that pφ = 0 implies (1 + φ 
A ring whose additive group is an elementary abelian p-group may be considered as an algebra over GF (p) . We now describe some examples of rings 3ΐ whose additive and circle groups are elementary abelian. We denote a basis for 9ΐ as an algebra over GF (p) 
Remarks on commutative radical rings.
It is easy to find examples of commutative radical rings 3t in which not every subring is an ideal. If & is the circle group of 9ΐ, then (£ contains normal subgroups which correspond to subrings but not ideals. If, on the other hand, we start with the abelian group (£, then the null ring whose additive group is K also has circle group (£, and every subgroup corresponds to an ideal. Every abelian group, moreover, appears as a circle group in this way.
In studying nilpotent rings one soon notices that the fruitful group analogy is between ring product and group commutation. Under this analogy an abelian group corresponds to a null ring, the center of a group to the annihilator of a ring, the lower central series of a group to the powers of a ring, etc.
Three special rings.
We conclude by describing three nilpotent rings 9ΐ of order 16, each of which has an abelian circle group of type (2, 1, 1) , but which differ in several other properties. ΐϋ = §ί is generated by elements a 19 a 2 , a 3 , a 4 , each of characteristic 2, such that a\ = a 2 and afiL d -0 if i Φ 1 or if j Φ 1. 3ΐ = 33 is generated by elements β 19 β 2 , /3 3 , such that char β 1 = 4, char β 2 = char β z = 2, β\ = 2β ίf β\ = β s , β 2 β 3 = β 3 β 2 = 2β l9 and βJ3 t = βJ3i = β& = ββi = $ = 0. 3ΐ -S is generated by elements Ti and 7 2 of characteristic 4 such that Yi = 7 2 , 7i7 2 = T 2 7 L = 27i, and Ί\ = 27 2 .
